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REVERSION OF POWER SERIES AND
THE EXTENDED RANEY COEFFICIENTS
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ABSTRACT. In direct as well as diagonal reversion of a system of power series,
the reversion coefficients may be expressed as polynomials in the coefficients of
the original power series. These polynomials have coefficients which are natural
numbers (Raney coefficients). We provide a combinatorial interpretation for
Raney coefficients. Specifically, each such coefficient counts a certain collection
of ordered colored trees. We also provide a simple determinantal formula for
Raney coefficients which involves multinomial coefficients.

Let Fi,..., F, be polynomials in variables z1,...,x, with complex coefficients,
where n > 2. Suppose, for each i, F; = z; + higher degree terms and the Jacobian
determinant of Fi,...,F, is equal to 1. Then the Jacobian Conjecture [1], [9]
asserts, in this case, that x4, ..., z, are also polynomials in Fi, ..., F;,, with complex
coefficients. This long-standing conjecture has not been solved even for n = 2.
Since it can be proved that x1,...,z, are (formal) power series in Fi,..., F, with
complex coefficients, the Jacobian Conjecture asserts that these power series are
really polynomials. This provides the motivation for this paper.

Let Fy,...,F, be power series in variables x1,...,x, of the form F; = z; +
higher degree terms with indeterminate coefficients for each i. It is known (e.g.
[2, Chapter III, Section 4.4, Proposition 5, p. 219]) that F = (Fi,...,F,) has
a (unique) compositional inverse, i.e., there exists G = (Gy,...,G,,) where each
G; is a power series in variables x1,...,x, such that FoG =1 and Go F = 1,
or equivalently, F;(G1,...,G,) = x; and G;(Fy,...,F,) = z; for all i. There
are various methods in the literature to find the coefficients of G;. In this paper
we shall present two new ones. Since each coefficient of G; is a polynomial in
the indeterminate coefficients of Fy,..., F,, it is enough to find the coefficients
of these polynomials. We will refer to these coefficients as the (extended) Raney
coefficients. In the first method, generating functions in infinitely many variables
are used to show that each Raney coefficient has a combinatorial interpretation
as the number of colored trees in a certain collection (Theorems 2.4 and 2.5). In

Received by the editors April 4, 1994.

1991 Mathematics Subject Classification. Primary 13F25, 05A15, 05C05, 13P99; Secondary
32A05.

Key words and phrases. Reversion of power series, direct reversion, diagonal reversion, Ja-
cobian conjecture, colored trees, colored forests, inventory, Raney coefficients, Laurent series,
Jacobi’s residue formula.

The third author was supported in part by the National Science Foundation under Grant
DMS-9012210.

The fifth author was supported in part by the National Security Agency under Grant MDA-
904-89-H-2049.

©1997 American Mathematical Society
1769



1770 C. CHENG, J. MCKAY, J. TOWBER, S. WANG, AND D. WRIGHT

the second method, Jacobi’s residue formula, in a more general setting (Theorem
1.4), is used to obtain a determinantal formula for each Raney coefficient (Corollary
2.7). Consequently this gives a formula for counting certain colored forests. These
generalize Raney’s results in [7] where n = 1.

1. FORMAL LAURENT SERIES AND JACOBI’'S RESIDUE FORMULA

Let R be a commutative ring with identity and let Z denote the ring of integers.

A Laurent monomial in variables 1, ..., , is a power product z7' x3? - - - 2J» where
each exponent j; is in Z. The degree of this monomial is the sum of its exponents.
A homogeneous Laurent polynomial over R in variables z1,...,z, is an R-linear
combination of (finitely many) Laurent monomials of the same degree. A formal
Laurent series in variables x1, ..., x, with coefficients in R is an expression of the
form
o0
(1.1) F= Y f
k=—o00

where each fi is either 0 or a homogeneous Laurent polynomial of degree k in
z1, ..., T, with coefficients in R, and there exists an integer p such that fr = 0 for
all £ < p. In this case we shall call fj, the homogeneous component of F' of degree
k. The order of a nonzero formal Laurent series F' is defined to be the smallest
integer p such that f, # 0. In this case, we shall call f, the initial part of F.
The set R((z1,...,7,)) ! of all formal Laurent series forms a commutative ring
with identity under the obvious addition and multiplication. Note that if F' and G
have orders p and g respectively, then their product has order at least p + ¢. If, in
addition, R is a field, then F'G has order precisely p + q.

Remark. Let R[[x1,...,%n]]z 202, denote the localization of the power series ring
R[[z1,...,,]] at the multiplicative set {1, (z122 - xy), (z132---2,)?, ... }. Note
that if n > 2, then

R[[xlv s 7xn]]961962m96n ; R(((a:lv s ;l‘n)))7

as Y re o 1 25 ¥ is not in the former but in the latter; although

Rlla1]]e, = R((x1))-

Lemma 1.1. Let F € R(x1,...,,)) and let f, be the initial part of F. Consider
the following conditions.

1. F has a multiplicative inverse in R(z1,...,2n)).

2. fp has a multiplicative inverse in R(x1,...,%n)).

3. fp consists of a single term with invertible coefficient.
Then 3 =2 =1.
Proof. 3=2.1f f, = axdzP? ... xi» with a invertible in R, then fp has multiplica-
tive inverse a~tzy 7 2y 72 - 27 in R((21, . .., 20)).

2 = 1. If f, is invertible in R((x1,...,zy)), then

F=>fe=Ffp [T+ £ > fr| = foll - H]

k=p k=p+1

I Thanks are due to Boo Barkee for this eye-catching notation.
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where H = (—1)f,! > hepy1 fr is a formal Laurent series. Since order(f, ') = —p,
it follows that order(H) > 1. Hence order(H*) > k and therefore 1+ H+H?+--- €
R((x1,...,2,)). Thus F is invertible with inverse f, '(1+ H + H? 4 ---). O
Remark. In case R is a field the three conditions above are equivalent.

The residue of a formal Laurent series F' in R((z1,...,x,)) is the coefficient of
7tz 2t in F. Note that residue is additive in the sense that if an infinite

sum ), ; G; makes sense, then

(1.2) residue (Z Gi> = Z residue(G;).

i€l iel
In what follows we let
d(Hy,...,Hy)
O(x1,...,%n)
be the Jacobian determinant of Hi,...,H, € R((z1,...,2,)) with respect to
TlyeoeyTp.

o(Hy,...,H,
Lemma 1.2 ([9, pp. 471-472)). Let [Hy,...,H,] = M Then

A1, .., xn)

1.[ ,..., ] is R-multilinear.

2. [ ,..., ] is alternating, i.e., [Hi,..., H,] = 0 if there exist i # j such that

H; = j-
3.0 ..., ] is anticommutative, i.e.,
[Hyi,... Hi .. Hy, ... Hy = —[Hy,... Hj,... H,... HlJ.
4. (Product Rule) [[FlGl,HQ, .. .,Hn]]ZFl[[Gl,HQ, NN ,Hn]] + Gl[[Fl,HQ, SN ,Hn]]

ot

. (Power Rule) For any integer m,
[H Ha,...,H,] = mH" '[Hy, Ho,. .., Hy,J.

(Here we require that Hy be invertible if m is negative.)
6. If H is invertible, then [H*, H, Hs, ..., H,] = 0.

Lemma 1.3. residue M =0.

8(2171, e ,xn)
Proof. By 1 of Lemma 1.2 and (1.2), it is enough to examine the case where each
F; consists of a single term:

o ban L bio bin
Fy =a;x]"xy? - -x)™.

Factoring a;z}" x5 - - - zlin from the i row of the Jacobian matrix for all 4, and
then factoring a:j_l from the j*" column for all j, we have

biy b2 ... bin
b b e bop
O(F1,..., Fp) —ara, ?1 ?z 2 x1—1+2bi1._.x7—11+2bm'
a(ZEl,--.,an) . . .
bnl an s bnn
Suppose Y bj; = -+ = > by, = 0. Then the displayed determinant is 0 and

therefore the residue is 0. Otherwise, at least one of the z;’s has exponent # —1
and so the residue is 0 by definition. O
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Theorem 1.4 (Jacobi’s Residue Formula). Suppose, for eachi =1, ..., n, F; €
R((x1,...,xn)) is of the form
F,=q xli“xb” = -xf;" + higher degree terms

with a; invertible in R. Then

o(Fy,....F,
residue ( FOUFg ... Fen M)

Oy, )
b11 . bln
B : , fer=ex=---=e,=-1,
bp1 ... bpn
0, otherwise.
Proof. We first consider the case e; = e; = --- = e, = —1. Following the proof of
Lemma 1.3, we have
b11 . bln
8(F1,...,Fn) O . :171_1+Zb“ ...$;1+me
Oz, .., xn) : ‘
bn1 - ban

+ higher degree terms.
Since a; is invertible, by the proof of Lemma 1.1, we have

E7t=q7 et xyb2 .oz % 4 higher degree terms

K3
for each i. Hence the result follows.

Consider now the remaining case. Permuting the F; and using 3 of Lemma 1.2,
we may assume that e; # — 1 .,e; #—1,but ej41 =--- =e, = —1, for some j,
1 < j < n. Setting G; = FGH'1 and using 5, 1 and, successively, 4, 6 and 3 of
Lemma 1.2, we have

e+1

Flefz---an[[Fl,... F]
1 _ i+1
= e F7L Fatl FST U FLL L F,
e1+1 e +1 g+1 [[ ) j sy L'g4+1 ) ]]
=F - 1[[G1,.. .G, Fjq1,....F)]
_Fj_+2 [[ J+1G13" ijFj+la-'~7Fn]]
_Fg_+3 a [[ J-’rl j+2G17"'7Gj7Fj+17"'7Fn]]
[[F_]+1Fj+2F_]_+3 n_lGla'"7Gj7Fj+la-'~7Fn]]-
The result now follows from Lemma 1.3. O
Corollary 1.5. Suppose, for each i =1, ..., n, F; € R((z1,...,2n)) is of the
form

F; = a;x; + higher degree terms
with a; invertible in R. Suppose also that for nonnegative integers p1,...,Dn,

P1,P2 . ,Pn _ P1yPn byl pln
(1.3) oty - abn = E /S INE R P SRR D
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where dfll l’; " c R. Then

mi,...;Mn

. —mi—1 ., —
dPrPn  — yesidue (xflxgz cegbn T el

Proof.
I(F1,..., Fy,
residue ( 2 ah? ... gPr ML ~Fn_m"_17( b Fo)
O(x1,...,xy)

=residue | Y dPtoprpimmT o plaemes] by (1.3)
codn

l1)~~~;ln
l1,

o(Fy, ..., F,
= residue | @Pr-Pn L. --Fn_lM by (1.2) and Theorem 1.4
Lo tin A1, .., xn)
=dp; P by Theorem 1.4. [

2. POWER SERIES REVERSION IN TWO VARIABLES

A 2-colored tree is a (finite) rooted tree in which every node has either color 1 or
color 2 and the children of each node are linearly ordered in such a way that nodes
of color 1 always precede those of color 2. A (p,q)-forest F is an ordered set of p
2-colored trees with color-1 roots followed by ¢ 2-colored trees with color-2 roots.
For instance, a (1,0)-forest is simply a 2-colored tree whose root has color 1.

Let N denote the set of nonnegative integers and let o = (a5 )22%1122, B =
(513)32%1122 be two matrices over N with only finitely many nonzero entries. We
shall call the ordered pair (a,3) the inventory of F if c;; equals the number of
color-1 nodes in £ with ¢ children of color 1 and j children of color 2, and 3;; equals
the number of color-2 nodes in F' with 4 children of color 1 and j children of color
2.

Let

o(a) = Zaija o1(a) = Ziaij,
i, 4,7
and
Ug(a) = Zjaij.
4,7

Example 2.0. Consider the 2-colored tree T" in Figure 2.1. A round node indicates
that it is of color 1 (or female) while a square node indicates that it is of color 2 (or
male). Then «;; counts the number of female nodes with ¢ daughters and j sons,
and (3;; counts the number of male nodes with ¢ daughters and j sons.
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Kl

FIGURE 2.1
The inventory of the tree T is

a0 o1 ap2 - : Poo Por Boz
a9 air aiz ... : P P Sz
(a,ﬂ): Qoo Q21 Q22 ... [320 521 522

6 0 © 20

o1 Q0 100
2 1 C 01

Lemma 2.1. If (e, 8) is the inventory of a (p,q)-forest F, then
p=o(a)—o(a+p),

q=0(B) — o2(a + B).

Proof. Note that ) c;; is the number of color-1 nodes in F and ) ;; is the
number of color-2 nodes in F. Since the number of children of color 1 is equal

to > day; + > ifi;, the first identity follows from the fact that roots are the only
nodes that are not children. The second identity can be proved similarly. |

(2.1)

Remark. The converse of the above is true if pg # 0 (see Corollary 3.4). To see that
the condition pg # 0 is necessary, let p =1, ¢ = 0, agg = 1, Gp1 = 1 with all other
a;j’s and f3;;’s being zero. Then (2.1) is satisfied but (e, 3) is not the inventory of
any (1,0)-forest.

Given a pair (a,3) of matrices as before, define R(e,3) to be the number of
(p, q)-forests with inventory (a,3) where p and ¢ are defined by (2.1). For p > 0
and ¢ > 0, we shall denote by F, 4 the set of all (a, 3) satistying (2.1). Let X and



REVERSION OF POWER SERIES 1775

Y be the generating functions for the number of (1,0)-forests and the number of
(0, 1)-forests respectively, both classified by inventories. Then

X =3 R(e.8) [ a5 [T b0

Fi,0

Y =3 R, B) [T iy T b5

Foa

(2.2)

The sum in the first equation should be over all inventories of (1, 0)-forests; however,
it can be extended to Fy for if (e, 3) is in Fi o but is not the inventory of any
(1,0)-forest, then R(a,3) = 0. Both X and Y are formal power series in infinitely
many variables a;;, b;;, where 4,7 =0,1,2,....

Lemma 2.2. XPY? is the generating function for the number of (p, q)-forests clas-
sified by inventories. In fact,

XPYT = Z R(e, B) Hal-aj” Hbfj]
fpvq

Proof. Let (o, 3) be the inventory of a (p,q)-forest. Then R(a,3) is equal to
> R(ai,B81) - R(qpyq; Bpy,) Where the sum is over all sequences (o, B4), -,
(Ctptq> Bpig) such that a = 3 ay, B =3 By, and (ay, By) is the inventory of a
(1,0)-forest for k =1, ..., p, (g, B;,) is the inventory of a (0, 1)-forest for k = p+1,
., p+¢q. Clearly, the sum can be extended to all sequences such that o = > auy,

B=> 0By, and (ag, B)isin Fiofor k=1, ..., p, (ag,By) is in Fo 1 for k =p+1,
..., p+q. Thus it follows from (2.2) that XPY? is the generating function for the
number of (p, ¢)-forests. |
Lemma 2.3. X and Y of (2.2) satisfy the following functional equations

X =) a; X'V,
(2.3) o

Y = b XY,

Proof. Using Lemma 2.2, we see that ap, X?Y? is the generating function for the
number of (1,0)-forests the removal of whose roots produces (p, ¢)-forests. Then
the first equation follows by partitioning the set of all (1, 0)-forests into classes by
the number p of color-1-children and the number g of color-2-children of the roots.
The proof for the second is similar. O

Theorem 2.4 (Direct Reversion). Suppose
F=gx-— Z aij oty
i+j=>2

G=y— Y by,

i+j>2

(2.4)

where the a;; and the by; are indeterminates. Then, for p,q > 0,
Pyl = Zef’f;’l Fl'gm
Im

where

el =2 Rep) I o TI v

i+j>2 i+j>2
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with the sum indexed by all (o, B) in Fpq satisfying the condition that I = oo,
m = oo, and a1 = a1 = P10 = Bor =0

P?”OOf. Setting apr = aijg = b()l = b10 = 0, X = x, Y = Y, apo = F, b()o =G in
(2.2), and using Lemma 2.3, we see that the following satisfies (2.4).

;v:Z ZR(a,,@) H ag’ H bfj” Flgm,

(2.5) I,m i+j22 i+j>2
v=3 (Snee) IT a1 1) Fam
I,m i+j22 i+j>2

where the first inner sum is indexed by all (e, 3) in Fi1 ¢ and the second by Fo 1,
and in both cases, satisfying the conditions: | = agg, m = By and a9 = @1 =
B10 = Bo1 = 0. By [2, Chapter III, Section 4.4, Proposition 5, pp. 219-220], a right
compositional inverse is also a left inverse in formal power series reversion, so (2.4)
also satisfies (2.5). Now the result follows from Lemma 2.2. O

Theorem 2.5 (Diagonal Reversion). Suppose

F

- ad G — Yy
1+ Z aijxiyj’ 1+ Z bijgciyj7

i+j21 i+j21

where the a;; and the by; are indeterminates. Then, for p,q > 0,
2Pyt = de”gl Flgm
l,m

where

w5 =Y rep) T] o I] o0

i+j>1 i+j>1

with the sum indezed by all (o, B) in Fpq satisfying the conditions | = (o) and
m=o(B).

Proof. Substitute agoai; for aj, boobsj for by; for all i+ 5 > 1, and then set agg = F,
boo = G in (2.2). Now proceed as in the proof of Theorem 2.4. O

In the following we shall find a formula for R(c, 3) thus determining eiﬁ 4 and

dpt in Theorems 2.4 and 2.5 respectively. For any matrix a = (a”);zgllé
over N with a finite number of nonzero entries, we define the multinomial and the

“modified” multinomial coefficients by
|
M(a) = ( o(a) ) _ o(a)! ’
QOO - ooy Dy ens H(O%j')
1, if all Q5 = 0,

= 1
M{er) ——M(a), otherwise.
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Theorem 2.6. Suppose F' and G are as in Theorem 2.5. Then

M(@) 0 M(a) 0 o1(a) o)
df’,;i=2‘< 0 M(B))‘( 0 M(ﬂ)) <al<ﬁ> @)(ﬁ))‘

T e T1 0

i+j>1 i+j>1

with the sum indezed by all (o, B) in Fp 4 satisfying the conditions | = (o) and
m=o(B).

Proof. Tt suffices to prove

oF oF
F—l—l_ F—l—l_
ox dy
2Pyl
oG oG
—-m—-1-"" —-m—-1-""
¢ ox ¢ dy
(2.6) _ Z xal(a+ﬁ)—o(a)+p—1yaz(a+ﬂ)—o(ﬁ)+q—1
. pr
o(a)=l
a(B)=m
M(a) — M(a)oi(a) 0— M(a)oz ()
X AGB,C”

0—M(B)or(B)  M(B)— M(B)o2(B)

since the conclusion of Theorem 2.6 follows from taking the residue of (2.6) and
using Corollary 1.5.

Let H=1+ Y a;jz'y’. Then F = % and so,

i1
or 1 =z 0H F F’0H
dr H H?29z = x Ox
Hence
(2.7) F—l—la_F = F__l F~*1oH

Oz ¢  x Ox
By binomial and multinomial expansions, we have

l k
l

e S ) =3 () X e

i+j>1 k=0 iti>1
!
l k ol
— ot d ij
= aija'y’)
Yo 2 (o) I«
k=0 o’ i+j2>1
o(a)=k
S : 1 (azs?)
= l_o_(a/) ah o ol ij LY
(°5I)<l PO O g iz
o(a’)<

where @' = (aj;)it+j>1. Extend &' to a = (aij)itjz0 by letting ago = | — o(a’)
and @;; = aj; for i +j > 1. Then 01(a) = 01(&'), 02(a) = 02(’) and o(a) = 1.
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Thus the last expression equals

2 < l az‘j,...> II (aia'y’)™

00, Q015 X105y - - - 5

o(a)=L i+i>1
and so
(2.8) = Z M(a)xgl(a)_g(a)yg2(a)Aa
cr(otzx):l

where A* =[] ag”.
i+j=1
Now, let €(3, j) denote the matrix whose only nonzero entry is 1 and which occurs
at the (4, j)-position. Then

%_H = Z i iyl A=),
T
Using (2.8), we see that

—i+l 8H _ N

Z Z ZM(a/):EUl(Q) o(a’)—1+i-1 02( )+JAa As(zg)
x

i+j>1

U(a) -1

For each fixed pair (7,7), let & = &’ + €(4,7). Then «oy; # 0, o1(a’) +i = o1 (),
o2(a’) 4+ j =o02(a), o(a') + 1 = o(ex), and M (') = ;M (ex). Hence

I+1
r aH Z Z 7 OZU U1(0)—U(a)—1 yUz(a)Aa

x

i+j>1 (o?t):l

@i 70
= Z M () oy () 271 (@)=o(@) =1 yoz(a) po,
«a
o(a)=l

The last expression is obtained by noting the condition «;; # 0 for the inner sum
is redundant as «;; is a factor of the summand, and using the definition of o1 (cx)
after the summation signs are interchanged. Hence it follows from (2.7) and (2.8)
that

(2.9) Fit (25 Z [M(a) _ M(C!)Ul (OZ)} xm(a)—a(a)—lyaz(a)Aa'

Since
OF F?20H
A
dy x Jy

we may proceed as before to obtain

or

-1
(2.10) g =

Z [0 — M(a)ag(a)} xal(o‘)—U(a)ydz(a)—IAa.

a(o?):l
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Likewise, we have

Gm= 3 M(B)an® y@-oB)ps,
g
o(B)=m
211) 129 > [0 H(@o()]em @ty B8
Ox 5 ’
o(B)=m
—m-19G 7 o1(8),,72(8)—(8) -1 BB
(212)  GTTISI= Y [M(B) - M(B)oa(8)| 2 Py B,
dy 3
o(B)=m
Now (2.6) follows from (2.9), (2.10), (2.11) and (2.12). O

Corollary 2.7. For any (a0, 3) € Fp q,

M(a) 0 M(a) 0 oi(a) oxa)
R(aa 6) = - .
0 M(B) 0 M)/ \o1(B) o20B)
Proof. Compare the results of Theorems 2.5 and 2.6. O
Remark. Using Corollary 2.7 we can now determine the eiﬁ ¢ in Theorem 2.4.

3. GENERALIZATIONS

Using essentially the same proofs, all results in Section 2 can be generalized to
an arbitrary number of colors. In what follows, we shall indicate how this can be
done.

An n-colored tree is a (finite) rooted tree in which every node has one of the n
colors and the children of each node are linearly ordered in such a way that children

of color i always precede those of color j if i < j. A (p1,...,pn)-forest is an ordered
set of n-colored trees with p; trees of root-color i for i = 1,...,n such that trees
with root-color ¢ always precede those of root-color j if i < j.

Fori=1,...,n,let al = (O‘liil),...7kn)k1>»»»,kn€N be an n-dimensional array over N
with finitely many nonzero entries. If, for each ¢ and for each n-tuple (k1, ..., k),
a,(fl))mkn equals the number of color ¢ nodes in a (pi,...,p,)-forest F' with k;
children of color j for each j = 1,...,n, then & = (a®,..., a(™) is said to be the

inventory of F.
For any n-dimensional array o = (g, .k, )ky,....knen Over N with finitely many
nonzero entries, define o(a) = > ag, ..k, and o;(e) = > ko, .k, , for each 1.
As in the case of Lemma 2.1, if @ = (aV,...,a(™) is the inventory of a
(p1,-..,pn)-forest, then, for each 1,

Given an n-tuple & = (a™,...,a™) of n-dimensional arrays, let R(&) be the
number of (p1,...,p,)-forests with inventory &, where each p; is defined by (3.1).
For p1,...,pn €N, we shall also denote by F,, ... p, the set of all av= (M. a™)
satisfying (3.1). For each 7, let X; be the generating function for the number of



1780 C. CHENG, J. MCKAY, J. TOWBER, S. WANG, AND D. WRIGHT

e;-forests classified by inventories. Here, e; = (0,...,0,1,0,...,0), the 1 being in
the it position. Then

- 5) o) k

_ ~ J 1,k2,..., n

Xi=> R[] I @le s :
Fe; J=1 ki,k2,...kn

One can show, as in Lemma 2.2, that X} X2? ... XPn is the generating function
for the number of (p1,...,p,)-forests classified by inventories. Thus, as in Lemma
2.3, X; satisfies the functional equation

Xi= 0, XPXgE X

fori=1,...,n.
We can now state our main results for the general case of arbitrary n.

Theorem 3.1 (Direct Reversion). For eachi=1,...,n, let
Fo=x — E a(l) ajkl ajkz . .xkn
T k1,...,kn1 L2 n
key etk >2
where the &1211)7...71% are indeterminates. Then, for p1,...,pn € N,

T1y..0Tn

P1,.P2 | P _ P1,--Pn [T T2 QT
T Ty Tyt = g et P [V E, Eom,
T1--45Tnm

where
. G e
yoesPn — ~ JREEER n
it =2 R@I I el e ™
I=1 e, >2
with the sum indexed by all & = (W, ...,a™) in F,, . satisfying the condi-

tions that r; = a(()z;)___)o and oz.(a? =0 for all i and j.

Theorem 3.2 (Diagonal Reversion). For eachi=1,...,n, let
oz
F;, = - )
1+ > a,ill))wknxlflxgz ke
ki4-+kn>1

Then, for p1,...,pn €N,

P1,..P2 | .Pn — P1s--Pn [TL T2 L BT
Ty Ty abr = Z d T F, i

T1yee3Tn
T15--4,Tn
where
n ()
P1y--sPn — E : -~ (4) AR\ kn
dTi;»»»a"‘: - R(a) H ak17~~;kn ’
J=1 kit+-+kn>1
with the sum indexed by all @ = (M), ..., &™) in F,, . satisfying the condi-

tions that r; = o(a?), for all i.
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Theorem 3.3 (Extended Raney Coefficient). For any a@ = (a®,... a™) ¢
‘Fp17...,pn7

M(aM)
5 0
R(a) =
0
M(a(")
M(a(l)) al(a(l)) Un(a(l))
) 0 A
O .. B Ul(a(n)) Un(a(n))
M(a(”))

Corollary 3.4. Let a = (aW,...,a™) € F,, . .. Ifall p; > 0, then R(a) > 0.

Proof. If each p; > 0, then, by (3.1), none of a® . a™ consists entirely of 0’s;
hence, M (a®) = o(a)M(a?), for all i. Thus, by Theorem 3.3,

R@) = [[ M@?)

i=1,...,n
o(a®) — oy (aM) —oo(a®) ... —op(a)
—o1(a®) o(a®) —oy(a®) ... —on(a?)
X
—o1(a™) —oo(a™) ... o(a™) -, (al™)
The result now follows from Lemma 3.5 below. O

Lemma 3.5. Suppose B is a square matriz of order n with real entries b;; such
that b;; > 0, for all ¢, and bj; < 0, for i # j. If all the column-sums of B are
nonnegative, then so is the determinant of B. If, furthermore, all the column-sums
of B are positive, then so is the determinant of B.

n

Proof. By hypothesis, the j® column-sum p; = > b;; > 0, for all j. Thus we
can write B as a sum of two matrices with one of them diagonal, namely,

B=P+ B
b1 - Z br1 b1 ... bin
k#1
O bo1 — > br2 ... ban,
k#2
_ O b2 +
bn1 bna cee = > bin
Pn k#n
Then
det B =pipa - pn + Z Cir,itDir iz * Dy | +det B’
1<t <t <<y <n—1
=pip2--Pn+ Z Ciy,....iuPirPia ** " Pigs

1< <ia < <y <n—1
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a polynomial in p1,...,pn, where ¢;, .. 4 is the principal minor of B’ obtained by
deleting the i;h row and column of B, for j =1, 2, ..., l. We only need to show
that ¢;,,..;, > 0,foralll =1,2,...,n—1. However, this follows from the induction
hypothesis, since B’ as well as all its principal submatrices satisfy the hypotheses
of Lemma 3.5. O

REFERENCES

1. H. Bass, E. Connell and D. Wright, The Jacobian conjecture: Reduction of degree and formal
expansion of the inverse, Bulletin (New Series) of the American Mathematical Society 7
(1982), 287-330, MR 83k:14028. Zbl.539.13012.

2. N. Bourbaki, Commutative Algebra, Addison-Wesley, Reading, Massachusetts, 1972, MR
50:12997. Zb1.279.13001.

3. L. J. Good, Generalizations to several variables of Lagrange’s expansion, with applications to
stochastic processes, Proceedings of the Cambridge Philosophical Society 56 (1960), 367—-380,
MR 23:A352. Zbl.135.18802.

4. M. Haiman and W. Schmitt, Incidence algebra antipodes and Lagrange inversion in one
and several variables, Journal of Combinatorial Theory, Series A 50 (1989), 172-185, MR
90£:05005. Zbl.747.05007.

5. C. G. J. Jacobi, De resolutione aequationum per series infinitas, Journal fiir die reine und
angewandte Mathematik 6 (1830), 257—286.

6. D. E. Knuth, The Art of Computer Programming, Vol. 1: Fundamental Algorithms, second
edition, Addison-Wesley, Reading, Massachusetts, 1973, MR 44:3530; MR 51:14624; MR
57:18169.

7. G. N. Raney, Functional composition patterns and power series reversion, Transactions of the
American Mathematical Society 94 (1960), 441-451, MR 22:5584. Zbl.131,14.

8. J. Towber, A combinatorial conjecture which implies the Jacobian conjecture (to appear).

9. S. S.-S. Wang, A Jacobian criterion for separability, Journal of Algebra 65 (1980), 453-494,
MR 83e:14010. Zbl.471.13005.

10. D. Wright, The tree formulas for reversion of power series, Journal of Pure and Applied
Algebra 57 (1989), 191-211, MR 90d:13008. Zbl.672.13010.

DEPARTMENT OF MATHEMATICAL SCIENCES, OAKLAND UNIVERSITY, ROCHESTER, MICHIGAN
48309-4401
E-mail address: cheng@vela.acs.oakland.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, OAKLAND UNIVERSITY, ROCHESTER, MICHIGAN
48309-4401
E-mail address: mckay@vela.acs.oakland.edu

DEPARTMENT OF MATHEMATICS, DEPAUL UNIVERSITY, CHICAGO, ILLINOIS 60614-3504
E-mail address: matjt@depaul.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, OAKLAND UNIVERSITY, ROCHESTER, MICHIGAN
48309-4401
E-mail address: swang@vela.acs.oakland.edu

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. Louls, MIsSOURI 63130-4899
E-mail address: wright@einstein.wustl.edu



